The prime-counting function πpxq which computes the number of primes smaller or equal to a given real number has a long-standing interest in number theory. The present manuscript proposes a method to compute πpxq with time complexity Opx 1{2 q without the need to introduce the non-trivial zeros of the Riemann zeta function. The method yields a primality test of time complexity Oplog nq.
literature. Specifically, these are methods based on the Riemann-von Mangoldt's formula [8] which is well explained in sources such as in [2, 10, 3] . The accuracy of the method has been validated successfully for πpxq calculations up to about x " 1000 using the first 29 pairs of complex zeros [11] .
The method for calculating πpxq introduced in the present manuscript is described in the following sections. Section 2 introduces the sequence tS n u and associated propositions. Section 3 covers the explicit expression of the n-th element in the sequence, the indexing and counting functions of the overall and non-prime elements in the sequence. Subsequently, the number of primes in the sequence is equal to the difference between the overall number of elements and the number of non-prime elements of the sequence.
The sequence tS n u and elementary propositions
The prime-counting function proposed in the present manuscript relies on a sequence and the below propositions.
Let us introduce the sequence tS n u where n P N, defined as follows:
with starting conditions
and
Proposition 1 Any prime number larger than seven can be expressed as a number of the sequence tS n u added to six.
Proposition 2 Any prime number added to six is a prime number or the product of two numbers from the sequence tS n u where we can draw twice the same number.
Propositions 1 and 2 stem from the fact that the set of elements of the sequence tS n u including the identity element is spanned by the semigroup G, defined by the set E which has for basis the prime numbers larger than three and the neutral element 1 provided with an internal composition law which for any two elements px, yq of EˆE has for result the product x˚y P E.
We can easily show that the sequence tS n u contains all primes larger than three as it can be written as S n`1 " S n`δn where S 0 " 5 and δ n " 2 if n is even and 4 if n is odd. The sequence of odd numbers T n`1 " T n`2 where T 0 " 5 contains all primes larger than three, as two is the only even prime larger than one. The set of elements of the sequence tS n u is identical to the set of elements of the sequence tT n u excluding the points U n " 2˚p4`3˚nq`1 where n " 0, 1, 2.... We get U n " 9`6˚n where n P N which is always divisible by 3. Thus, the sequence tS n u contains all primes larger than three.
Furthermore, the sequence U n " 9`6˚n where n P N contains all odd numbers larger than 7, which are divisible by 3. We note that the set of positive odd numbers is spanned by the semigroup G 1 , defined by the set E 1 which has for basis the prime numbers larger than two and the neutral element 1 and provided with an internal composition law which for any two elements px, yq of E 1ˆE1 has for result the product x˚y P E 1 . This is because any odd number which is not prime can be expressed as the product of two odd numbers.
As the set of elements of the sequence tS n u including the identity element is the set of positive odd numbers excluding the non-prime odd numbers divisible by 3, we have:
The set of elements of the sequence tS n u including the identity element is spanned by the semigroup G, defined by the set E which has for basis the prime numbers larger than three and the neutral element 1 provided with an internal composition law which for any two elements px, yq of EˆE has for result the product x˚y P E.
Mathematicals
3.1 Analytical expression of the n-th term of the sequence tS n u and counting of elements in the sequence
As the members of the sequence tS n u where n " 0, 1, 2, ... introduced in the previous section can be expressed as a pseudo-arithmetic series acting seperately on odd and even indexes due to the jump in the sequence, their analytical expression is as follows:
Let us introduce the function σ : R Ñ N which returns the largest element of the sequence tS n u where n " 0, 1, 2, ... which is smaller or equal to the real number passed in the argument. Note the function σ is not defined if the argument passed to the function is smaller than five, which is the first element of the sequence. For this purpose, we assume that the argument x is larger than five.
Let us say we want to compute the number of elements in the sequence tS n u where n " 0, 1, 2... and the last element is smaller or equal to x (where x ą 5) using (4). In case of an even index n for the last element of the sequence tS n u smaller or equal to x, the number of elements in the sequence N 1 is expressed as follows:
In case of an odd index n for the last element in the sequence tS n u smaller or equal to x, the number of elements in the sequence N 2 is expressed as follows:
Note the increment by`1 in (5) and (6) is due to the index shift which starts at 0. Depending on whether the index n of the last element of the sequence is odd or even, either N 1 or N 2 is an integer. If N 1 is an integer then the index n of the last element of the series is even; otherwise, the index is odd.
Let us introduce the function ω : NˆN Ñ N which behavior is as follows: If the first argument of ω is an integer, then the function returns that argument; otherwise, it returns the second argument.
Thus, the number of elements N in the sequence tS n u where n " 0, 1, 2, ... and the last element is equal to σpxq is expressed as follows:
The index function η : N Ñ N which takes as argument an element S n of the sequence tS n u where n " 0, 1, 2... and returns the index of that element is as follows:
3.2 Non-prime elements in the sequence tS n u Proposition 1 tells us that all prime numbers are contained in the sequence tS n u where n P N. From proposition 2, the number of primes in the sequence is equal to the overall number of elements N minus the number of non-prime numbers T , which are all possible pairs of elements from the sequence including pairs where the same number is drawn twice such that the product of the two numbers is smaller or equal to the last term S n of the sequence.
Therefore, the sequence of pairwise combinations associated with the first element of the sequence S 0 " 5 is: 5ˆ5, 5ˆ7, 5ˆ11, 5ˆ13, and so on. The sequence of pairwise combinations associated with the second element of the sequence S 1 " 7 is: 7ˆ7, 7ˆ11, 7ˆ13, 7ˆ17, and so on. The sequence of pairwise combinations associated with the third element S 2 " 11 is: 11ˆ11, 11ˆ13, 11ˆ17, etc.
Let us say S k is a given element of the sequence for which we aim to compute the number of pairwise combinations smaller or equal to σpxq. Let us define the integer m as the index of S m " σ pσpxq{S k q. For a given element S k of the sequence, the number of pairwise combinations P k having a product smaller or equal to σpxq is expressed as follows:
3`1´k , if m is odd (9) where m " ω´σ pσpxq{S k q´5
To compute the number of non-prime elements T in the sequence tS n u where the last term is S n " σpxq, we add up all the pairwise combinaisons P k for k " 0, 1, 2..., m, where m " η`σp ? S n q˘. If x ă 25, there are no pairwise combinations smaller or equal to x, hence T " 0. When x ě 25, we get:
Finally, the number of primes larger than 3 and smaller or equal to x, denoted πpxq, is computed as follows:
where x ą 5.
As a primality test, any integer n larger than five is prime if and only if πpnq´πpn´1q is equal to one. Although, the summation term in (10) vanishes when computing πpnq´πpn´1q, the square root function which is generally considered to be Oplog nq is still the bottleneck for the computation of πpnq´πpn´1q. Thus, we can say that the proposed primality test has a time complexity Oplog nq.
Conclusion
The present manuscript introduces a method for calculating the prime-counting function based on a sequence. The set of elements of that sequence including the identity element is spanned by the semigroup which for any two elements of the spanning set has for result the product of the elements on that set and which basis are the prime numbers larger than three and the neutral element. The method is aimed to be computationally efficient with possible applications in the field of computer science and research.
